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Three-Dimensional Simulation of the Electric Field
and Magnetohydrodynamic Power Generation
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A numerical tool is developed to help design magnetohydrodynamics power-generation panels to be used onboard
a reentry vehicle. The tool consists of two parts: a magnetohydrodynamics flow solver and a Poisson solver.
The magnetohydrodynamics flow solver deals with the two-dimensional Navier—Stokes equations extended to
incorporate magnetohydrodynamics effects and chemical reactions. The Poisson equation for the electric potential is
discretized with a 19-point stencil in three-dimensional space. The Poisson solver is tested with three cases, and all the
results reproduce the analytical solutions and those from the literature. Then it is used to compute the electric field,
current-density distributions, and total power generation around a reentry vehicle with onboard electrodes. We
compare the results with the previous two-dimensional simulation results. Several three-dimensional plots of the
current stream traces are presented, and from the plots the current is categorized into five types. The net current
through each electrode surface and the corresponding power extraction are computed. At the present stage, the
magnetohydrodynamics Poisson solver is uncoupled from the flow solver.
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coefficients in the approximate factorization method
vector of magnetic induction, T
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energy, J - m~>

vector of the electric field, V- m™!
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vector of the electric current density, A - m™
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surface unit normal vector

number of diatomic molecule

maximum number of iterations

pressure, Pa

translational-vibrational energy transfer rate,
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surface normal vector, m>

source term due to interaction of flow and magnetic
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u = velocity, m-s~

v = diffusion velocity, m - s7!

a, = relaxation parameter

v = collision frequency, s~

& n,¢ = coordinates in computational space
P = density, kg- m~?

o = electrical conductivity, mho - m™'
o] = effective conductivity, mho - m™!
G = conductivity tensor, mho - m™"

T = shear-stress tensor, N - m—2

¢ = scalar potential, V

Q, = Hall parameter

Q, = effective Hall parameter

Q; = ion Hall parameter

10} = generation rate, kg - m~3 - 57!

w, = source term for vibrational energy, J - m™ - 5!
Subscripts

e, i,n = electron, ion, and neutral particles
i, J, k = X, Y, and z components

s = species §

v = vibration

X,y,Z = Xx,Y,and z directions

Superscripts

(0), (n) = number of intermediate A¢

L

HEN ionized flow passes through a magnetic field, the

electrons drift and a current forms that can be extracted
by electrodes. There are several possible applications for this tech-
nology. For example, if power can be extracted from the high-speed
flow, control surfaces could be actuated without the requirements
for additional battery power. In recent work [1-3], computational
fluid dynamics was used to explore the possibility of magneto-
hydrodynamics (MHD) power generation during planetary reentry.
The high-speed air between the bow shock and boundary layer has
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high temperature during reentry, which makes it an appropriate
working flow for MHD generators. A small amount of seeding
can provide the necessary number of high-mobility electrons. The
previous results showed that megawatt per square meter power levels
can be generated with a small amount of potassium seed (~1% by
mass) and modest values of magnetic field (0.1-0.2 T). In the
previous work, both the flowfield and electromagnetic field are
assumed to be two-dimensional.

In the present work, we solve for the three-dimensional electric
field and current density, and the flowfield is assumed to be two-
dimensional. The diagram of the problem is shown in Fig. 1. The
vehicle has the shape of a blunt wedge with a 25 deg angle and a nose
radius of 0.1 m, with alternating anodes and cathodes placed on top.
The electrodes have the size of 7 cm height and 2.5 m length, and they
are placed with a 1 m separation. The 7 cm height is set based on
the previous two-dimensional analysis. The electrode thickness
(shown in Fig. 1a) has the value of 9 mm unless stated otherwise.
We currently assume that the potassium seed is injected upstream

from the vehicle. Figure 1b shows that the seeding beam is injected
toward the vehicle nose and is of 3 cm width above the stagnation
line. All the computations in the present paper are with 1%-by-mass
potassium seeding by assumption. Practically, sodium-potassium
(NaK) vapor could be injected through the vehicle surface, but the
details of the seeding injection system are not addressed in the
present work.

The hypersonic flow past a blunt reentry vehicle is simulated with
our MHD flow solver [1-3]. The flowfield is described by the
Navier—Stokes equations extended to include nonequilibrium ther-
mochemistry. A 13-species chemistry model, including finite rate
potassium ionization and recombination, is used to simulate the air
reactions at high temperature. The two-dimensional flowfield
simulation is performed on the center plane between the electrodes.
Then the calculated results are exported, by assuming uniform flow
in the third direction, to the Poisson solver, which computes the
three-dimensional electric field and current distributions, as well as
the corresponding power extraction. The Poisson equation arises

Electrode thickness = 9 mm
Electrode
separation
=1lm
| Vehicle length =4 m |
a)
N Electrode height =7 cm

25 deg

Electrode length =2.5 m

—_

seed beam 3cm

b)

Fig. 1 Diagrams of the MHD reentry vehicle setup.
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from the current continuity equation [4]. In [4] this equation is
discretized with a high-order Padé-type scheme (see also [3]). In this
paper, we solve the equation with a 19-point-stencil finite volume
method. Although a Padé-type scheme has high-order accuracy in
one dimension locally, our 19-point stencil takes into account the
surrounding grid points in all three dimensions. The Poisson solver is
tested with three cases taken from [4], and the results are presented.

The 2-D flowfield calculation neglects the influence of the elec-
trodes on the flow, as well as the three-dimensional aspects of
the current distribution, which result in a three-dimensional Joule
heating distribution. With the present continuous electrodes, shocks
and boundary layer will be generated by the electrodes. Hence, gas
composition and electrical conductivity close to the electrodes can
only be computed with a three-dimensional code. However, such a
full simulation is beyond the scope of this paper, and we expect
that most of the difference will be in the regions near the electrodes
and vehicle surface, and not in the power extraction. We will
conduct three-dimensional flowfield calculation and use electrodes
of different shapes (flush electrodes, for example) in future work.

In this paper, the governing equations and assumptions of the
MHD flow solver are presented, followed by a detailed description of
the Poisson equation and its solution strategy and validation. Then
the MHD flow solver and Poisson solver are used to compute MHD
power generation during reentry, and the results are compared with
previous two-dimensional calculations.

II. Governing Equations of the MHD Flow Solver

Our numerical simulations use the data-parallel line-relaxation
(DPLR) [6] method to solve the Navier—Stokes equations coupled
with nonequilibrium thermochemistry. The DPLR method is a
parallel version of the original Gauss—Seidel line-relaxation method
[7] that takes advantage of the flow physics and solves the linearized
equations exactly in the direction normal to the wall, which is the
direction in which the solution has strong physical coupling in
high-Reynolds-number flows, whereas in the tangential direction to
the wall, point relaxation is applied. The code has been modified to
incorporate MHD effects, assuming a low magnetic Reynolds
number. We use an 1 1-species (N,, O,, NO, N, O, NJ, OF, NO™,
O™, N*, and e™) air chemistry model. Including the 2 seed species
(potassium atom and potassium ion), a total of 13 equations are
solved for mass conservation, which take the form

aps

9t + V. (psu) + V. (psvx) = Wy (1)
The momentum equation is expressed as
d -~ .
(W) V. (pu®u)+Vp+V-i=jxB )

ot

where the Lorentz force appears on the right-hand side. For this work,
the mass diffusion is based on Fick’s Law, and a single diffusion
coefficient is used for all neutral species by assuming a constant
Lewis number. For the ionic species, the ambipolar diffusion
coefficient is used, and within the context of the ambipolar diffusion
approximation, the effective diffusion coefficient of electrons is
obtained by equating the diffusion velocity of electrons with that of
ions.

We can assume vibrational-electronic-electron equilibrium in the
boundary layer in which gas temperature and pressure are around
4000 K and 0.1 atm and the strength of the electric field is modest. In
the boundary layer behind the shock, the pressure is very high and
hence the vibrational-electron energy transfer rate is high. In the
present work, the electronic energy does not go into the vibrational
energy pool; instead, we assume that the heavy particles are either in
their neutral state or ionized. Then the energy contained in these
modes is described by a vibrational-electronic-electron temperature
T,.. The vibrational-electronic-electron energy conservation
equation is given by

oE,
or

nq

+V-(Ew)+V-q,+ VY VE,=w,+ (/o 3)

s=1

where
nq
w, = QT—V + E W€y
s=1

is the source term for vibrational energy, and Qr., is the
translational-vibrational energy transfer rate, which can be found in
[7]. The second term on the right-hand side is the Joule heating term.
Joule heating heats up electrons and, as a result, the energy transfer
rate between electrons and heavy particles increases. We assume that
the entire Joule heating goes into the vibrational-electronic mode,
whereas, in principle, only a portion does. However, in our case, the
contribution of the Joule heating to the overall vibrational energy
balance is much smaller than that of the V-T term; hence, the
assumption does not affect the results in all the cases computed.

The last conservation equation is the total energy equation given
by

aa—]f—l-V-[(E—Fp)u]-l-V-(q%—qv)—|—V~(u-%)

+V-Y viph,=j-E “)
s=1

where the term on the right-hand side is the power extracted from the
flow.

III. Poisson Equation for Electric Potential

The Poisson equation can be derived using the following three
equations:

Continuity:
V-j=0 (5)
Ohm:
j=6-(E+uxB) ()
Faraday:
VxE=-0 @

Equation (35) is the steady-state form of the current continuity
equation. Equation (6) is the generalized Ohm’s law [8], in which

the conductivity & is a tensor, for which the expressions are taken
from [4]

051 O O3

= o
0= D Oy O3 O3 3)
031 03 033
where D and the o;; are
D = (1 + aoB?)? + (BoB)? )

0, = (1 + oaB?)(8;; + oaB,B;) + f*0?B;B; — 6 ¢ B,
i,j,k=1,2,3 (10)
In the preceding expressions, o is the electron conductivity that is

computed with the formulas from [1], and « and B are related to the
electron and ion Hall parameters, €2, and €2;, as follows:

Q,.Q; Q
_ DeeRdi _ e 11
Y= 5B B o|B| (I
and
e|B| _ ¢|B|

(12)

‘ me(ven + 1)ei) ' ' Mvin
For our case, we assume that there is only low-frequency variation of
magnetic induction; hence, the electric field induced by the change of
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magnetic induction is negligible. Then, from the definition of the
electrostatic field and scalar potential, Eq. (7) can be simplified as
VxE =0, E=-V¢ (13)

The integrated form of the current continuity equation over an
arbitrary volume V is

/ V.jdv=0 (14)
4
By use of Gauss’s theorem, we can rewrite it as

/j ) (15)
s
The discretized form is
G+ G S)icipg+ (3 jmp+G-8)mp0
+ (G Ssre + (S =0 (16)

With Eqgs. (6) and (13), we have the general form of the surface
current density as

jS=G-(-Vé+uxB))-S (17)

After substituting the form of 6 and collecting terms of derivatives of
¢, we obtain the following general form of the surface current
density:

L g g 09 ;09

j:-S= 3 n37) 3§+Sr (18)
where

E=06S(Ci&, + Cf, + C5E) (19)

10°

Modified AF with DPLR

-
o
o

— =— =— Original AF

Residual R
=) =
2 S

-
o
)

10’

PRSI NSRS U MU ST NS S SN S NS SN
10000 20000 30000 40000
Number of iterations
Fig. 2 Convergence history of the original AF and modified AF with
DPLR applied to the MHD power-generation case.

08|

04|

a)

1 =6S(Cn, + Cony + C31,) (20)
§=6S(Ci& + Caby + Cat) @1)

N o ~ . u-B- .
Sr:aS((uxB)-n+|B|Qeu-n—WQeB-n) (22)

where 7 is the surface unit normal vector; the coefficients C,, C,, and
(5 are given by

C =n

Q
i — ﬁei_ikBjnk + B - nB,g, i=1,2,3 (23)

and ¢ is the effective conductivity, which is the electron conductivity
corrected for the Hall effect and ion slip, given by

6= — 24)
1+ Q)1 +2,92)
and
- Qe
Q.=17q0, @5)
and g is given by
Q, 2

[BP

Equation (18) is applied at all cell surfaces. Note that due to the
elliptic character of the equation, the flow variables at the surfaces are
taken as the arithmetic averages of the cell-centered values. Also note
that all the metrics are computed at cell surfaces. After substituting
the surface current density into the discretized current continuity
equation (16), we obtain our 19-point stencil. The stencil takes
account of more points than the standard central-difference scheme
that includes only seven points and is accurate for orthogonal grids.
The extra points in our stencil are necessary to evaluate the metrics
and variable derivatives. The mathematical details are trivial and
neglected here.

IV. Solution Strategy for the Poisson Equation

The relaxation method is based on the approximate factorization
(AF) method in [4,9]. For the 19-point stencil, the AF scheme can be
written as

(@) + ayy + by + ey ) APY = 2R 27)
(et + azj_y + by; + Cz_,'+|)A¢(2) = Ap (28)
() + az—y + by + ey ) Ap = Ag@ (29)

where R is the residual, for which the expression is taken directly
from the 19-point stencil and neglected here, and «,, is the relaxation

Ty
osf
06
0af
02F

%% 05
b)

Fig. 3 Error of the computed result compared with theoretical solution: a) present result and b) result from [4].
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Fig. 5 Electric field at load factors 0.5, 1, and 1.5 for the inclined-electrodes case: a) present result and b) result from [4].

parameter of typical value between 0.01 and 0.001. The coefficients
a;, b;, and c; are, for example,

aji = _éi—l/Z - %(_§j+l/2 + S_j—l/z - §k+1/2 + gk—l/z) (30)
by = §i+1/2 + éi—l/Z (3D

Clig1 = _§i+1/2 + %(_§j+l/2 + ‘gj—l/z - §k+1/2 + gk—l/z) (32)

and a,, b,, and ¢, and as, b3, and c; can be found similarly.

When this method is applied to the regimes of interest in this paper,
poor performance is obtained due to some special features of our
cases. First, there is a strong shock present, which introduces strong
gradients of the variables. If small «, is used, the computation
becomes unstable. Second, a parallel version of the AF method is
needed, due to the large size of the grid (~10° grid points) used.
Finally, the topology of our cases, in which two electrodes exist
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0.02fF

0.05 F
0.01F

0 ofF

y
L e e L e e I N N LA
y

-0.01F
-0.05 0.02F

-0.03F
-0.1 E

-0.04

-0.05F \
015, vy ST T P T A\

0.1 -0.05 0 -0.08 -0.07 -0.06 -0.05 -0.04 -0.03
X X

Fig. 6 Mach number contours of the type IV shock—shock interaction
case.
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a)
Fig. 7 Electric field distribution of the type IV shock-shock interaction case: a) present result and b) result from [4].
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b)

Fig. 8 Current distribution of the type IV shock—shock interaction case: a) present result and b) result from [4].

inside the computational domain, requires additional modifications
to the line-relaxation sweeps.

We apply the DPLR [6] algorithm and modify the AF method,
which results in a method written as

(@) + ayy + by + ey ) AP =, R (33)

(o, + azj_y + by + by; + 52/+1)A¢(2) = ApW (34)
1)Don =3,

Nax +3(0, + azj g + byj + by + ¢2j1) Ap™
= A¢* — ali—lA(pz('iTl) - Cli+1A¢§Tll)
2) End do
Ap = A¢(nmax+3)

In practice, we use n,,, = 4.

Figure 2 plots the residual versus iteration step. As seen in the
figure, the modified AF with DPLR has a faster convergence rate than
the original AF. However, for fully coupled simulations with the
MHD flow solver, the convergence rate is still not satisfactory, and
we are investigating alternative solution approaches [10,11].

V. Code Validation

All the test cases in this section are taken from [4]. The use of the
figures from the reference is with permission. The first test is to
compare the result of the code to an analytic solution. The governing
equation of the test problem is

P¢ 0P _

2 T xet (35)

on the domain 0 <x <2, 0 <z =1 subject to the Dirichlet
boundary conditions:

$(x=0,2) =0,
$x,z=0)=x,

Pd(x =2,z7) =2e°
p(x,z=1) =xe (36)

The theoretical solution of the test problem is ¢ = xe*. The grid used
has 51 x 26 x 3 points which follows the wavy pattern of the grid in
[4], which has 51 x 26 x 7 points. Figure 3 plots the error that is the
difference between computational and theoretical solutions. As seen
in Fig. 3, the computational error is below 0.45%.

FrETTTTTT]

6
—_——————— Potassium atom
Potassium ion
5 — — — - Electron

Distance from surface (cm)

0 1E+15 L. 2E+15
Number density (cm™)

Fig. 9 Number densities of K, K*, and e~ in the boundary layer at
x=0.8m.
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Fig. 10 Electrical conductivity and current density in the boundary
layer atx = 0.8 m.
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Fig. 11 Joule heating and rate of the total MHD work per cubic meter
in the boundary layer at x = 0.8 m.

The second test case is about two inclined electrodes separated by
a distance S = 1. The computational grid follows the same wavy
pattern in [4]. Two electrodes are assigned potentials O and 1, and
the conductivity distribution is specified by a modified Gaussian
function:

o(r —ry) = Cemalr—ro) 37)

where r( is the center of the distribution, C is set to unity, and

1 c

The velocity profile and theoretical solutions can be found in [4].
Different values of magnetic field are chosen to set the load factors

Table 1 Boundary conditions for the Poisson solver

Direction Boundary

&nin (stagnation plane)
Emax (outﬂow) d(ﬁ/ds =0

Nmin (vehicle surface) Dielectric wall < j.; =0
M max Far field

é‘min and é‘mux Periodic

Plane of symmetry

Fig. 12 The 200 x 100 x 102 grid for the 4 m model.

0.5, 1, and 1.5. Figures 4 and 5 plot the computed potential and
electric field distributions between the electrodes, and they show that
our results reproduce the theoretical solution and the results in [4].

The type IV shock—shock interaction is taken as our last test case.
We use a grid of size 456 x 101 x 3, compared with that of 101 x
101 x 7 in the reference. The flow conditions can be found in [4].
Figure 6 plots the Mach number contours that are computed by our
MHD flow solver. To be consistent with the referenced paper, the
initial electromagnetic effect is shown and the MHD effects in the
flow solver are turned off. The imposed conductivity distribution is
taken from [4], which has the maximum value at a distance of
0.5 radii away from the cylinder surface and 6 = —10 deg. Figures 7
and 8 show the electric field and current distributions compared with
the reference. Note that our result does not incur oscillation across the
discontinuity, and the resolution of our result is somewhat lower.
This is because in the referenced paper, a scheme of up to sixth order
is used that introduces oscillations near discontinuities; whereas a
second-order scheme is used in the present work, and no oscillation is
observed in the results. Despite that, all of our results reproduce those
in the reference.

VI. Results for an MHD Generator Onboard
a Reentry Vehicle

This section presents the results on MHD power generation
onboard a reentry vehicle. The inflow condition for the flow solver is
set at a 46 km altitude (po, = 1.7141 x 1073 kg/m? and T, =
266.93 K). The inflow velocity and Mach number are 7000 m/s and
21.37, respectively. Thus, with 1% seeding, the mass flow of seed is
3.6 g/s per meter width of the vehicle. The temperature at the vehicle
surface is set constant at 1000 K.

The imposed magnetic induction distribution is assumed to be
uniform:

B(y)=02T (39)

The direction of the magnetic induction vector is perpendicular to the
vehicle surface.

Figure 9 reproduces the previous result of number densities of K,
K™, and e~ along the x = 0.8 m line. The x = 0.8 m line is per-
pendicular to the vehicle surface and of 0.8 m axial distance down-
stream from the vehicle nose. It shows that the density of electrons
reaches to 10'> c¢m™ in the boundary layer, and closer to the vehicle
wall, the potassium ions and electrons recombine. Even though the
wall boundary condition is noncatalytic, our high-resolution grid in
the boundary layer captures the recombination reactions near the
wall. Figure 10 plots the conductivity and current density along the
line x = 0.8 m. Their maximum values occur atabout | or 2 cm away
from the wall and then drop rapidly even closer to the wall. Note that
the conductivity is theoretical without considering the mixing
efficiency of the seed with flow.
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Fig. 13 Electric potential contours of the 4 and 8 m models.
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Fig. 14 Variations of potential, electric field and current density along the line on the center plane between the two electrodes and 3 cm above the vehicle

surface: a) 4 m model and b) 8 m model.

The load factor is set at 0.5 to maximize the power extraction. The
total work done by the MHD devices has the effect of slowing down
the flow and converts the flow kinetic energy into electrical and
internal energy. For aload factor of 0.5, either Joule heating or power
extraction equals one-half of rate of the total MHD work. Figure 11
plots Joule heating and rate of the total work per cubic meter along
the line x = 0.8 m.

The boundary conditions for the Poisson solver are shown in
Table 1 (the &, 1, and ¢ directions are associated with the streamwise,
vehicle body normal, and spanwise directions, respectively). We
make two notes about the boundary conditions:

1) The periodic boundary condition in the ¢ direction is from the
assumption that there is an array of electrodes arranged periodically
in the spanwise direction.

2) The outflow boundary condition d¢/dé = 0 assumes that the
outflow boundary has been extended far enough that the potential
variation is small.

To examine how far away the outflow boundary should be
positioned, we compare two vehicle models, with 8 and 4 m lengths,
respectively. For the 8 m model, a grid of 250 by 100 by 102 points in
the &, n, and ¢ directions, respectively, is used. For the 4 m model, a
200 by 100 by 102 grid is used. Figure 12 shows the grid for the 4 m
model. Cathode and anode potentials are 0 and 221.28 V, which is an
output of our MHD flow solver using a load factor of 0.5 [3]; that is,

the MHD flow solver computes the distribution of the electro-
motive force (emf) between the electrodes and assigns the potential
difference to be one-half of the space-averaged emf value.

Figure 13 plots the computed potential contours for the 4 and 8 m
models. Figure 14 plots the potential, electric field, and current
variation along the line on the center plane between the two elec-
trodes and 3 cm above the vehicle surface. The results show that in
the region beyond 4 m, the potential reaches a uniform distribution,
which results in negligible current density and electric field.
Therefore, the 4 m outflow boundary is extended far enough for this
case.

Because we use a finite volume method, the current conservation
condition is automatically satisfied. Hence, the net current crossing

Table 2 Computed current at boundaries

Direction Current, A
Emin —4.6x 1074
Enax 5.1x107*
nmin 0

Tinax 0

Cinin —4374.9
Cmax 4374.9
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Fig. 15 Contours of the z-direction current density at 1% NaK seed: a)

previous 2-D result and b) 3-D Poisson solver result. The plot is at the
midplane (z = 0) between the electrodes.
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Fig. 16 Current-density stream traces. The current is in the tangential
direction to the line, and the color contours show the magnitude of the
current density.

the boundaries of the computational domain should be zero. Also,
except for the two periodic boundaries in the ¢ direction, the total
current across every boundary should be zero. The computed current
at the boundaries is shown in Table 2.

Although the previous simulations [1-3] assume uniform dis-
tributions of the electric parameters in the ¢ direction, the present
model takes into account three-dimensional variations of the electric
field and current density. Figure 15 plots the z-direction (spanwise)
current-density contours from the previous and present 3-D cal-
culations. For comparison purposes, the current density from the 3-D
modeling is plotted at the center plane between the electrodes.
Although both results show a pattern similar to the current dis-
tribution, the 2-D result neglects the current which travels in front
of the inlet and behind the outlet. Also, the current density is
underpredicted by the 2-D simulation near the inlet and outlet.

Figure 16 plots the current-density stream traces. From the nose to
the base of the vehicle, there are five types of current, which we
refer to as the 1) anode current eddy, 2) cross electrode current,
3) boundary-layer current, 4) top current, and 5) cathode current
eddy. The extracted current is mostly due to the cross electrode
current, type 2, which leaves the cathode and enters the anode. This
current flows at several centimeters away from the surface, where
both conductivity and emf are high. Closer to the vehicle surface,
where the emf u x B is low, the electric field directed opposite to the
emf dominates. Hence, there exists current from the anode to the
cathode in the boundary layer, which we refer to as type 3. Figure 17

Current density (Almz)
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Fig. 17 Current circulation in the boundary layer.
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Fig. 18 Electric field stream traces. The electric field is in the tangential
direction to the line, and the color contours show the magnitude of the
electric field.

shows that there is current circulation near the vehicle surface, which
is formed by types 2 and 3 currents. There is also current going across
the electrodes from the top edges, which is a small value because the
conductivity is small above 7 cm away from vehicle surface. The
averaged Hall parameter is about 1.2, and the current lines are
obviously inclined.

Figure 18 plots the electric field stream traces, for which the
direction and color show the direction and magnitude of the electric
field. It shows that the electric field is strong near the upstream end
of the anode and the downstream end of the cathode. Although the
electric field is distorted in the region near the inlet and outlet, it
exhibits a uniform distribution in most of the region between the
electrodes.

The previously computed power extraction [1-3] is 1.249 MW for
1% seeding, assuming uniform electric field and two-dimensional
current distributions. With the present model, the total current
that goes through one pair of electrodes is 4.392 kA, and the
corresponding power extraction is 0.972 MW. Table 3 lists the total
current on each electrode surface (positive is defined as leaving the
electrodes, and negative is defined as entering the electrodes). The
power lost is due to anode and cathode current eddies that were not
computed by the previous model.

VII. Conclusions

In the present work, a numerical tool was developed to solve the
Poisson equation for the electric potential distribution around a
reentry vehicle with onboard electrodes and magnets. A 19-point-
stencil finite volume method was used and the discretized form of the
Poisson equation was presented. We solved the equation with a
modified parallel approximate factorization (AF) method, which
showed better performance than the basic AF. The tool was tested
with three cases, and all the results reproduced analytic solutions and
previous numerical results.

We then applied the Poisson solver to MHD power-generation
cases. The computed current and electric field patterns were shown,
which are three-dimensional and have the highest magnitude at the
upstream side of the anode and the downstream side of the cathode.
From the figure, we categorized the current into five types, of which

type 2 contributes the most to the extracted power. The computed
power extraction is found to be 22% less than the previous 2-D result,
because of both three-dimensional effects of the current and slightly
narrower spacing between the electrodes.

For future work, faster convergence of the Poisson solver would
be required for running more cases in a much faster way. The Poisson
solver and the MHD flow solver should be fully coupled and used to
calculate the boundary-layer and near-electrode sheath regions.
More realistic seed injection, electrode shape, and magnetic field
profiles would have to replace the present approximate model. For
example, one can simulate injection through vehicle surface, flush
electrodes, and magnetic dipoles in the future.
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